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In this paper, we introduce the notions of stratified (L,M)-fuzzy quasi-uniform spaces
and (L,M)-fuzzy quasi-uniform bases, where L and M are completely distributive lattice
and complete residuated lattice, respectively. We investigate the images and preimages
of (L,M)-fuzzy uniform base induced by maps. We study the relationships between the
(L,M)-fuzzy quasi-uniform space and the stratification of it.
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1. Introduction
It is well known that quasi-uniformity is a very important concept close to topology and a convenient tool for investigat-
ing topology (see [1–3]). L-quasi-uniformity in Hutton’s sense (see [4]) has been accepted bymany authors and has attracted
wide attention in the literature. Up until now there have been many works about the theory of Hutton uniformities (see
[5–8]). Rodabaugh [9] gave a theory of fuzzy uniformities with applications to the fuzzy real lines. It also needs to be pointed
out that Shi [10,11] introduced the theory of pointwise L-quasi-uniformities on fuzzy sets and Shi’s theory is simpler and
more direct for studying the relationship between pointwise L-quasi-uniformities and pointwise L-topologies.
Extension of Hutton’s quasi-uniformities – [0, 1]-fuzzy uniformity – was considered in [12]. Later, in [13] fuzzy
uniformities for lattices more general than [0, 1], namely, (L,M)-fuzzy uniformities were considered. Finally, in [5], a paper
specially devoted to the analysis of different approaches to the theory of fuzzy uniformities, an essentially more general
concept of an L-valued uniformity was studied using a filter approach. Further, in [9], there is a significant extension of
Hutton approach for quasi-uniformities without using filters explicitly and without any distributivity and with general
tensor products generating the intersection axiom. In [14,15], the relationship between (L,M)-fuzzy topologies and (L,M)-
fuzzy quasi-uniformities was investigated.
Zhang [16] gave away to embed the category of uniform spaces in the category of Hutton uniform spaces. There is another
way to embed the category of uniform spaces in the category of Hutton uniform spaces first in [17] for the valued lattice
[0,1] and in [18] for the general case. The uniform operator approach of Rodabaugh [19] as generalization of Hutton [4] is
based on powersets of the form (LX )(L
X ), the unification approach of Garcia et al., [5]. For a fixed basis L, algebraic structures
in L (quantales, MV-algebras) are extended for a completely distributive lattice L [5] or the unit interval [3] or t-norms [20].
Recently Gutierrez Garcia et al., [5] introduced L-valued Hutton uniformity where a quadruple (L,≤,, ∗) is defined by
a GL-monoid (L,) dominated by ∗, a cl-quasi-monoid (L,≤, ∗). They obtained the relations between the Hutton, Lowen
and Höhle categories. Rodabaugh [19,21] gives two different proofs for all cqml’s (complete lattices) L vindicating Zadeh’s
definitions, first, using AFT (adjoint functor theorem) to lift the Zadeh operators from traditional operators, and second,
classes of naturality diagrams indexed by L to generate Zadeh operators directly from the original map.
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In this paper,we define the notions of stratified (L,M)-fuzzy quasi-uniform spaces and (L,M)-fuzzy quasi-uniformbases,
where L andM are completely distributive lattice and complete residuated lattice, respectively. It is shown that the category
of all stratified (L,M)-fuzzy quasi-uniform spaces (L,M)-FQUNs is a bicoreflective subcategory of the category of (L,M)-
fuzzy quasi-uniform spaces (L,M)-FQUN.We consider the the Zadeh preimage operatorφ⇒L of the Zadeh preimage operator.
Also we consider the Zadeh image operator φ⇐L of the Zadeh preimage operator. We investigate the images and preimages
of (L,M)-fuzzy uniform base induced by maps.
2. Preliminaries
Residuated lattice, introduced by Ward and Dilworth [22], are important algebraic structures associated with fuzzy
Logic [23–25]. A residuated lattice is an algebra (M,∧,∨,,→, 0, 1) such that:
(1) (M,∧,∨, 0, 1) is a bounded lattice with the least element 0 and the greatest element 1;
(2) (M,, 1) is a commutative monoid with the identity 1 and is isotone at both arguments;
(3) x y ≤ z iff x ≤ y→ z holds for all x, y, z ∈ M .
A residuated lattice is called complete if the underlying lattice is complete. A Heyting Algebra is residuated lattice with
 = ∧. A complete Heyting algebra is also called a frame.
Let L be a complete lattice and φ : X → Y a map. The Zadeh image and preimage operators φ→L : LX → LY and
φ←L : LX ← LY are defined by
φ→L (f )(y) =
∨
{f (x) | φ(x) = y}, φ←L (g) = g ◦ φ.
Let X be a nonempty set. All algebraic operations on X can be extended pointwisely to the set MX . Let (M,≤,) be a
complete residuated lattice and φ : X → Y a map. For all x ∈ X , α ∈ M , f , g ∈ MX and fi ∈ MY we have:
(1) f ≤ g iff f (x) ≤ g(x).
(2) 1X (x) = 1, α1X (x) = α and 1∅(x) = 0.
(3) (f  g)(x) = f (x) g(x).
(4) φ→M (f  g) ≤ φ→M (f ) φ→M (g)with equality if φ is injective.
(5) φ←M (i∈Γ fi) = i∈Γ φ←M (fi), Γ is finite (see [26]).
In this paper, we always assume that L is completely distributive lattice possesses an order reversing involution ′ and
(M,≤,) is a complete residuated lattice. Also, for α ∈ L, α(x) = α for all x ∈ X . If f ∈ LX , then f ′ denote the complement
of f defined by f ′(x) = (f (x))′ for all x ∈ X .
Now we recall some notions and terminologies about (L,M)-fuzzy quasi-uniform spaces used in this paper.
LetΩ(LX ) denote the family of all mappings a : LX → LX with the following properties:
(a1) f ≤ a(f ) for each f ∈ LX ,
(a2) a(
∨
i∈Γ fi) =
∨
i∈Γ a(fi), for each fi ∈ LX .
For a, b ∈ Ω(LX ), we have that a−1, ad b and a ◦ b ∈ Ω(LX ) by
a−1(f ) =
∧
{g | a(g ′) ≤ f ′},
(a
l
b)(f ) =
∧
{a(f1) ∨ b(f2) | f1 ∨ f2 = f } and (a ◦ b)(f ) = a(b(f )).
Suppose φ : X → Y is a mapping, a ∈ Ω(LY ), then φ←L ◦ a ◦ φ→L ∈ Ω(LX ) and (φ←L ◦ a ◦ φ→L )−1 ≤ φ←L ◦ a−1 ◦ φ→L
(see [4]).
A familyΩ(LX ) have the following properties: (see [4,20,27])
(1) (a−1)−1 = a, for every a ∈ Ω(LX ).
(2) a1 ≤ a2 iff (a1)−1 ≤ (a2)−1.
(3) If a ≤ a1 and b ≤ b1, then ad b ≤ a1d b1.
(4) a
d
b ≤ a, ad b ≤ b and ad a = a.
(5) (a
d
b)−1 = a−1d b−1.
(6) (a
d
b)
d
c = ad(bd c).
(7) (a ◦ b)−1 = b−1 ◦ a−1 and (ad b) ◦ (c d d) ≤ (a ◦ c)d(b ◦ d).
For each α ∈ L, define the mapping αˆ : LX → LX by:
αˆ(f ) =
{
sup(f ), if sup(f ) ≤ α,
1X , otherwise,
for all f ∈ LX , where sup(f ) = ∨x∈X f (x). The mappings αˆ fulfill the properties (a1) and (a2), that is, αˆ ∈ Ω(LX ). Moreover,
the mappings αˆ fulfill the following properties.
Proposition 2.1 ([28]). If L is a complete chain, then
(1) If α1 ≤ α2, then αˆ1 ≥ αˆ2 for all α1, α2 ∈ L.
(2) αˆ ◦ αˆ = αˆ for all α ∈ L.
(3) a ≤ 0ˆ holds for each a ∈ Ω(LX ).
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3. Stratified (L,M)-fuzzy quasi-uniform spaces
In this section, we will construct stratified (L,M)-fuzzy quasi-uniform space from a given (L,M)-fuzzy quasi-uniform
space. And we will study its stratification.
Definition 3.1. A mappingU : Ω(LX )→ M is said to be an (L,M)-fuzzy quasi-uniformity on X if it satisfies the following
conditions:
(LQU1) there exists a ∈ Ω(LX ) such thatU(a) = 1.
(LQU2) If a ≥ b thenU(a) ≥ U(b),
(LQU3) for a, b ∈ Ω(LX ),U(ad b) ≥ U(a)U(b),
(LQU4) for a ∈ Ω(LX ),∨{U(a1) | a1 ◦ a1 ≤ a} ≥ U(a).
The pair (X,U) is called an (L,M)-fuzzy quasi-uniform space. An (L,M)-fuzzy quasi-uniform space (X,U) is called an
(L,M)-fuzzy uniform space if satisfies the following condition:
(LU) for a ∈ Ω(LX ),∨{U(a1) | a1 ≤ a−1} ≥ U(a).
An (L,M)-fuzzy quasi-uniformityU : Ω(LX )→ M is said to be stratified iffU satisfies the following condition:
(LQUS) U(αˆ) = 1, for each α ∈ L.
In this case, the pair (X,U) is called stratified (L,M)-fuzzy quasi-uniform space.
LetU1 andU2 be (L,M)-fuzzy uniformities on X . We sayU1 is finer thanU2 (U2 is coarser thanU1) ifU2(a) ≤ U1(a)
for all a ∈ Ω(LX ).
Theorem 3.2. Let L be a complete chain and (X,U) be an (L,M)-fuzzy quasi-uniform space. Define for every a ∈ Ω(LX ),
Ust(a) =
∨{
U(b) | a ≥ bl αˆ, α ∈ L} .
ThenUst is the coarsest stratified (L,M)-fuzzy quasi-uniformity which is finer thanU.
Proof. (LQU1) There exists a ∈ Ω(LX ) such thatU(a) = 1. Since a = ad 0ˆ, thenUst(a) = 1.
(LQU2) Obvious.
(LQU3) Suppose that there exist a1, a2 ∈ Ω(LX ) such that
Ust
(
a1
l
a2
) 6≥ Ust(a1)Ust(a2).
From the definition ofUst there exist bi ∈ Ω(LX ), αi ∈ Lwith ai ≥ bid αˆi, i = 1, 2 such that
Ust(a1
l
a2) 6≥ U(b1)U(b2). (A)
On the other hand, a1
d
a2 ≥ (b1d b2)d(αˆ1d αˆ2). From that L is complete chain and from (3) in Proposition 2.1, it follows
αˆ1
d
αˆ2 = αˆ1 or αˆ2, then we have
Ust
(
a1
l
a2
) ≥ U (b1l b2) ≥ U(b1)U(b2).
It is contradiction for (A). Thus (LQU3) holds.
(LQU4) Let a ∈ Ω(LX ) be given such that
Ust(a) 6≤
∨
{Ust(a1) | a1 ◦ a1 ≤ a}.
By the definition ofUst(a), there exist b ∈ Ω(LX ), α ∈ L with a ≥ bd αˆ such thatU(b) 6≤ ∨{Ust(a1) | a1 ◦ a1 ≤ a}. Since
U is (L,M)-fuzzy quasi-uniformity on X ,
∨{U(c) | c ◦ c ≤ b} ≥ U(b). There exists c ∈ Ω(LX ) such that c ◦ c ≤ b such that
U(c) 6≤
∨
{Ust(a1) | a1 ◦ a1 ≤ a}.
On the other hand, since (c
d
αˆ) ◦ (c d αˆ) ≤ (c ◦ c)d αˆ ≤ bd αˆ ≤ a. This means that there is c d αˆ = a1, with a1 ◦ a1 ≤ a,∨{Ust(a1) | a1 ◦ a1 ≤ a} ≥ Ust(a1) ≥ U(c), and this is a contradiction. Thus (LQU4) holds.
(LQUS) By Proposition 2.1(3), it follows that a ≤ 0ˆ holds for all a ∈ Ω(LX ). SinceU fulfills conditions (LU1) and (LU2), we
getU(0ˆ) = 1 and therefore 0ˆd αˆ = αˆ for each α ∈ L, thenUst(αˆ) = 1. ThusUst is stratified.
For each b ∈ Ω(LX ), b = bd 0ˆ. ThenUst(b) ≥ U(b) for any b ∈ Ω(LX ). Thus,Ust is finer thanU.
Finally, considerU∗ is stratified (L,M)-fuzzy quasi-uniformity finer thanU. Suppose that there exists a ∈ Ω(LX ) such
that
U∗(a) 6≥ Ust(a).
From the definition ofUst(a), there exist b ∈ Ω(LX ), α ∈ L with a ≥ bd αˆ such thatU∗(a) 6≥ U(b). SinceU∗ is stratified
we have
U∗(a) ≥ U∗ (bl αˆ) ≥ U∗(b)U∗(αˆ) = U∗(b) ≥ U(b),
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and this is a contradiction. HenceU∗(a) ≥ Ust(a) for any a ∈ Ω(LX ). ThusUst is the coarsest stratified (L,M)-fuzzy quasi-
uniformity and finer thanU. 
Notation. LetB : Ω(LX )→ M be a mapping and a ∈ Ω(LX ). We denote
〈B〉(a) =
∨
b≤a
B(b).
Definition 3.3. A mapping B : Ω(LX ) → M is called an (L,M)-fuzzy quasi-uniform base on X if it satisfies the following
conditions:
(LQB1) there exists a ∈ Ω(LX ) such thatB(a) = 1.
(LQB2) for a, b ∈ Ω(LX ), 〈B〉(ad b) ≥ B(a)B(b),
(LQB3) for a ∈ Ω(LX ),∨{B(a1) | a1 ◦ a1 ≤ a} ≥ B(a),
An (L,M)-fuzzy quasi-uniform baseB is called an (L,M)-fuzzy uniform base if satisfies the following condition
(LB) for a ∈ Ω(LX ), 〈B〉(a−1) ≥ B(a).
An (L,M)-fuzzy quasi-uniform baseB is said to be stratified iffB satisfies the following condition:
(LQBS) B(αˆ) = 1, for each α ∈ L.
LetB1 andB2 be (L,M)-fuzzy uniformbases onX .We sayB1 is finer thanB2 (B2 is coarser thanB1) if 〈B2〉(a) ≤ 〈B1〉(a)
for all a ∈ Ω(LX ).
Remark 3.4. (1) IfU is an (L,M)-fuzzy uniformity, thenU is an (L,M)-fuzzy uniform base with 〈U〉 = U.
(2) IfB is (L,M)-fuzzy quasi-uniform base, then 〈B〉 is the coarsest (L,M)-fuzzy quasi-uniform satisfyingB ≤ 〈B〉.
Theorem 3.5. Let B be an (L,M)-fuzzy quasi-uniform base on X. Define for every a ∈ Ω(LX ), L is a complete chain,
Bst(a) =
∨{
B(b) | a ≥ bl αˆ, α ∈ L} .
Then:
(1) Bst is the coarsest stratified (L,M)-fuzzy quasi-uniform base which is finer thanB .
(2) 〈Bst〉 = 〈B〉st .
Proof. (1) Similar to the prove of Theorem 3.2.
(2) From (1), we can easy prove 〈Bst〉 ≥ 〈B〉st.
Conversely, suppose that there exists a ∈ Ω(LX ), such that
〈Bst〉(a) 6≤ 〈B〉st(a).
By the definition of 〈Bst〉, there exists b ∈ Ω(LX )with b ≤ a such that
Bst(b) 6≤ 〈B〉st(a).
By the definition of Bst, there exists c ∈ Ω(LX ) and α ∈ L with b ≥ c d αˆ such that 〈B〉st(a) 6≥ B(c). On the other hand,
since a ≥ c d αˆ, then we have
〈B〉st(a) ≥ 〈B〉(c) ≥ B(c),
and this is a contradiction. Thus, 〈Bst〉(a) ≤ 〈B〉st(a). 
Definition 3.6. Let (X,U) and (Y ,U∗) be two (L,M)-fuzzy uniform spaces. Then a mapping φ : X → Y is said to be:
(1) an LF uniform map iffU∗(a) ≤ U(φ←L ◦ a ◦ φ→L ).
(2) an LF uniform preserving map iffU ≤ U∗ ◦ φ→L .
Naturally, the composition of LF uniform maps (resp., LF uniform preserving maps) is an LF uniform map (resp., LF
uniform preserving map).
Proposition 3.7. Let B andB∗ be two (L,M)-fuzzy uniform bases on X and Y , respectively, and φ : X → Y be a mapping. Then
we have the following properties:
(1) φ : (X, 〈B〉)→ (Y , 〈B∗〉) is an LF uniform map iff B∗(a) ≤ 〈B〉(φ←L ◦ a ◦ φ→L ).
(2) φ : (X, 〈B〉)→ (Y , 〈B∗〉) is an LF uniform preserving map iff B ≤ 〈B∗〉 ◦ φ→L .
(3) If B∗(a) ≤ B(φ←L ◦ a ◦ φ→L ), then φ : (X, 〈B〉)→ (Y , 〈B∗〉) is an LF uniform map.
(4) If B ≤ B∗ ◦ φ→L , then φ : (X, 〈B〉)→ (Y , 〈B∗〉) is an LF uniform preserving map.
Proof. Straightforward. 
Proposition 3.8. Let (X,U1) and (Y ,U2) be (L,M)-fuzzy quasi-uniform spaces. If φ : (X,U1)→ (Y ,U2) is LF uniform map,
then φ : (X,Ust1 )→ (Y ,Ust2 ) is LF uniform map, whereUst1 andUst2 are the stratifications of U1 andU2 respectively.
Proof. We will show thatUst1 (φ
←
L ◦ b ◦ φ→L ) ≥ Ust2 (b) for each b ∈ Ω(LY ). Suppose that
Ust1 (φ
←
L ◦ b ◦ φ→L ) 6≥ Ust2 (b).
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From the definition ofUst2 (b), there exist c ∈ Ω(LY ) and α ∈ Lwith b ≥ c
d
αˆ such that
Ust1 (φ
←
L ◦ b ◦ φ→L ) 6≥ U2(c).
Since φ : (X,U1)→ (Y ,U2) is LF uniform map,U1(φ←L ◦ c ◦ φ→L ) ≥ U2(c). From the definition ofUst1 (φ←L ◦ b ◦ φ→L ), we
have
Ust1 (φ
←
L ◦ b ◦ φ→L ) ≥ U1(φ←L ◦ c ◦ φ→L ) ≥ U2(c),
and this is a contradiction. HenceUst1 (φ
←
L ◦ b ◦ φ→L ) ≥ Ust2 (b) for each b ∈ Ω(LY ). 
Example 3.9. Let X be any non-empty set, L = M = [0, 1] and = ∧. Define (L,M)-fuzzy quasi-uniformityU1 andU2 on
X as follows:
U1(a) =
{
1, if a = 0ˆ,
0, otherwise,
U2(a) =

1, if a = 0ˆ,
1
3
, if ˆ0.5 ≤ a < 0ˆ,
0, otherwise.
We obtain
Ust1 (a) = Ust2 (a) =
{
1, if a ≥ αˆ, for each α ∈ L
0, otherwise.
Clearly the identity mapping idX : (X,Ust1 ) → (Y ,Ust2 ) is an LF uniform map, but idX : (X,U1) → (Y ,U2) is not an LF
uniform map. 
Denote by (L,M)-FQUN for the category of (L,M)-fuzzy quasi-uniform spaces and the LF uniform maps between these
spaces. Moreover, let (L,M)-FQUNs denote the full subcategory of (L,M)-FQUN of all stratified (L,M)-fuzzy quasi-uniform
spaces. Theorem 3.2 and Proposition 3.8 implies that (L,M)-FQUNs is a bicoreflective subcategory of (L,M)-FQUN and the
related bicoreflector is the functor of (L,M)-FQUN to (L,M)-FQUNs which assigns to each (L,M)-fuzzy quasi-uniform space
(X,U) the space (X,Ust), and to each LF uniformmapφ : (X,U1)→ (Y ,U2) the LF uniformmapφ : (X,Ust1 )→ (Y ,Ust2 ).
Theorem 3.10. Let {(Xi,Ui)}i∈Γ be a family of (L,M)-fuzzy uniform spaces, X a set and for each i ∈ Γ , φi : X → Xi a mapping.
We define, for each a ∈ Ω(LX )
U(a) =
∨( n⊙
i=1
{
Uki(bki) | a ≥
nl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
})
,
where
∨
is taken over all finite subset K = {k1, . . . , kn} ⊂ Γ . Then
(i) U is the coarsest (L,M)-fuzzy uniformity on X for which all φi are LF uniform map.
(ii) A mapping φ : (X∗,U∗)→ (X,U) is LF uniform map iff for each i ∈ Γ , φi ◦ φ is LF uniform map.
Proof. (i) First, we will show thatU is (L,M)-fuzzy uniformity on X for which all φi are LF uniform map.
(LQU1) There exists aki ∈ Ω(LXki ), for each ki ∈ K , such thatUki(aki) = 1. Put (φki)←L ◦ aki ◦ (φki)→L = a, thenU(a) = 1.
(LQU2) It is trivial from the definition ofU.
(LQU3) For all finite subsets K = {k1, . . . , kp} and J = {j1, . . . , jq} of Γ such that a ≥ dpi=1(φki)←L ◦ aki ◦ (φki)→L and
b ≥ dqi=1(φji)←L ◦ bji ◦ (φji)→L we have
a
l
b ≥
(
pl
i=1
(φki)
←
L ◦ aki ◦ (φki)→L
)l( ql
i=1
(φji)
←
L ◦ bji ◦ (φji)→L
)
.
Furthermore, we have for each k ∈ K ∩ J ,
((φki)
←
L ◦ ak ◦ (φki)→L )
l
((φki)
←
L ◦ bk ◦ (φki)→L ) = ((φki)←L ◦ (ak
l
bk) ◦ (φki)→L ).
Then a
d
b ≥ dmi∈K∪J(φmi)←L ◦ cmi ◦ (φmi)→L where
cmi =

ami , ifmi ∈ K − (K ∩ J)
bmi , ifmi ∈ J − (K ∩ J)
ami
l
bmi , ifmi ∈ K ∩ J.
We have
U(a
l
b) ≥
⊙
j∈K∪J
Uj(cj) ≥
(
p⊙
i=1
Uki(aki)
)

(
q⊙
i=1
Uji(bji)
)
.
Then,U(a
d
b) ≥ U(a)U(b) for all a, b ∈ Ω(LX ).
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(LQU4) Let a ∈ Ω(LX ) be given such that:
U(a) 6≤
∨
{U(a1) | a1 ◦ a1 ≤ a}.
By the definition ofU(a), there exists a finite subset K = {k1, . . . , kp} of Γ such that a ≥ dpi=1(φki)←L ◦ aki ◦ (φki)→L such
that
p⊙
i=1
Uki(aki) 6≤
∨
{U(a1) | a1 ◦ a1 ≤ a}.
Since Uki is (L,M)-fuzzy uniformity on Xki , for each ki ∈ K ,
∨{Uki(bki) | bki ◦ bki ≤ aki} ≥ Uki(aki). Then there exists
bki ∈ Ω(LXki ), bki ◦ bki ≤ aki such that
p⊙
i=1
Uki(bki) 6≤
∨
{U(a1) | a1 ◦ a1 ≤ a}.
On the other hand, since
pl
i=1
((φki)
←
L ◦ bki ◦ (φki)→L ) ◦
pl
i=1
((φki)
←
L ◦ bki ◦ (φki)→L ) ≤
pl
i=1
(φki)
←
L ◦ (bki ◦ bki) ◦ (φki)→L
≤
pl
i=1
(φki)
←
L ◦ aki ◦ (φki)→L ≤ a.
Then we have∨
{U(a1) | a1 ◦ a1 ≤ a} ≥ U
(
pl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
)
≥
p⊙
i=1
Uki(bki),
and this is a contradiction. Thus (LQU4) holds.
(LU) Let a ∈ Ω(LX ) be given such that:
U(a) 6≤
∨
{U(a1) | a1 ≤ a−1}.
By the definition ofU(a), there exists a finite subset K = {k1, . . . , kp} of Γ such that a ≥ dpi=1(φki)←L ◦ aki ◦ (φki)→L such
that
p⊙
i=1
Uki(aki) 6≤
∨
{U(a1) | a1 ≤ a−1}.
Since Uki is (L,M)-fuzzy uniformity on Xki , for each ki ∈ K ,
∨{Uki(bki) | bki ≤ a−1ki } ≥ Uki(aki). Then there exists
bki ∈ Ω(LXki ), bki ≤ a−1ki such that
p⊙
i=1
Uki(bki) 6≤
∨
{U(a1) | a1 ≤ a−1}.
On the other hand, put b = dpi=1(φki)←L ◦ bki ◦ (φki)→L then
b−1 =
(
pl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
)−1
≤
pl
i=1
((φki)
←
L ◦ bki ◦ (φki)→L )−1
≤
pl
i=1
(φki)
←
L ◦ b−1ki ◦ (φki)→L
≤
pl
i=1
((φki)
←
L ◦ (a−1ki )−1 ◦ (φki)→L )
≤
pl
i=1
(φki)
←
L ◦ aki ◦ (φki)→L ≤ a.
Then there exists b ∈ Ω(LX ) such that b ≤ a−1 and
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∨
{U(a1) | a1 ≤ a−1} ≥ U(b) ≥
p⊙
i=1
Uki(bki),
and this is a contradiction. Thus (LU) holds.
Second, it is easily proved that, by the definition ofU, for all i ∈ Γ ,
U((φi)
←
L ◦ b ◦ (φi)→L ) ≥ Ui(b) for each b ∈ Ω(LXki ).
Hence, each φi : X → Xi is LF uniform map.
Finally, if φi : (X,U∗)→ (Xi,Ui) is LF uniform map, that is, for each i ∈ Γ and bi ∈ Ω(LXki ),U∗((φi)←L ◦ bi ◦ (φi)→L ) ≥
Ui(bi). For all finite subset K = {k1, . . . , kp} of Γ such that a ≥ dpi=1(φki)←L ◦ bki ◦ (φki)→L , we have
U(a) =
∨( p⊙
i=1
{
Ui(bki) | a ≥
pl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
})
≤
∨( p⊙
i=1
{
U∗((φki)
←
L ◦ bki ◦ (φki)→L ) | a ≥
pl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
})
≤
∨({
U∗
(
pl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
)
| a ≥
pl
i=1
(φki)
←
L ◦ bki ◦ (φki)→L
})
≤ U∗(a).
(ii) (H⇒) It is clear that the composition of LF uniform maps is LF uniform map.
(⇐H) For all finite subset K = {k1, . . . , kp} of Γ such that a ≥ dpi=1(φki)←L ◦ aki ◦ (φki)→L , since φki ◦ φ : (X∗,U∗) →
(Xki ,Uki) is LF uniform map,
U∗(φ←L ◦ ((φki)←L ◦ aki ◦ (φki)→L ) ◦ φ→L ) ≥ Uki(aki). (B)
Hence we have
U∗(φ←L ◦ a ◦ φ→L ) ≥ U∗
(
φ←L ◦
(
pl
i=1
(φki)
←
L ◦ aki ◦ (φki)→L
)
◦ φ→L
)
= U∗
(
pl
i=1
φ←L ◦ ((φki)←L ◦ aki ◦ (φki)→L ) ◦ φ→L
)
≥
p⊙
i=1
U∗(φ←L ◦ ((φki)←L ◦ aki ◦ (φki)→L ) ◦ φ→L )
≥
p⊙
i=1
Uki(aki) (by (B)).
It impliesU∗(φ←L ◦ a ◦ φ→L ) ≥ U(a) for all a ∈ Ω(LX ). Hence φ : (X,U∗)→ (X,U) is LF uniform map. 
The category of (L,M)-fuzzy uniform spaces and LF uniform maps is denoted by (L,M)-FUNS.
Theorem 3.11. (L,M)-FUNS is a topological category.
Proof. By Theorem 3.10, every V-structured source (φi : X → (Xi,Ui))i∈Γ has a unique V-initial lift (φi : (X,U) →
(Xi,Ui))i∈Γ such that V (X,U) = X and V (φi) = φi is topological. 
Using Theorems 3.10 and 3.11, we obtain the following corollary:
Corollary 3.12. Let {(Xi,Ui)}i∈Γ be a family of (L,M)-fuzzy uniform spaces, X =∏i∈Γ Xi a set and for each i ∈ Γ , pii : X → Xi
a projection mapping. We define, for each a ∈ Ω(LX )∏
i∈Γ
Ui(a) =
∨( n⊙
j=1
{
Ukj(bkj) | a ≥
nl
j=1
(pikj)
←
L ◦ bkj ◦ (pikj)→L
})
,
where
∨
is taken over all finite subset K = {k1, . . . , kp} ⊂ Γ . Then
(i)
∏
i∈Γ Ui is the coarsest (L,M)-fuzzy uniformity on X for which all pii are LF uniform map.
(ii) A mapping pi : (X∗,U∗)→ (X,∏i∈Γ Ui) is an LF uniform map iff for each i ∈ Γ , pii ◦ pi is an LF uniform map.
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An (L,M)-fuzzy uniformity
∏
i∈Γ Ui is called the product (L,M)-fuzzy uniformity of a family {(Xi,Ui)}i∈Γ , and
(X,
∏
i∈Γ Ui) is called product (L,M)-fuzzy uniform space.
Corollary 3.13. Let (X,U1) and (X,U2) be (L,M)-fuzzy quasi-uniform spaces. We define, for each a ∈ Ω(LX )
(U1 unionmultiU2) =
∨{
U1(b1)U2(b2) | a ≥ b1
l
b2
}
.
Then
(i) U1 unionmultiUst2 andUst1 unionmultiU2 are stratified (L,M)-fuzzy quasi-uniformity on X, which is finer thanU1 unionmultiU2.
(ii) U1 unionmultiUst2 = Ust1 unionmultiU2 = (U1 unionmultiU2)st .
4. The type (φ⇐L , φ
⇒
L ) of the preimages and images of (L,M)-fuzzy uniform bases
Let L be a complete lattice. Basic scheme for second order image operators. Let φ : X → Y be a mapping. Then:
Consider [φ←L ]←L : MΩ(LX ) → MΩ(LY ). This is the Zadeh preimage operator of the Zadeh preimage operator. We denote it
by φ⇒L , that is, for allU ∈ MΩ(LX ), ∀a ∈ Ω(LY ),
φ⇒L (U)(a) = [φ←L ]←L (U)(a) = U(φ←L ◦ a ◦ φ→L ).
Basic scheme for second order preimage operators. Let φ : X → Y be a mapping. Then:
Consider [φ←L ]→L : MΩ(LX ) ← MΩ(LY ). This is the Zadeh image operator of the Zadeh preimage operator. We denote it by
φ⇐L , that is, for all V ∈ MΩ(LY ), ∀a ∈ Ω(LX ),
φ⇐L (V)(a) = [φ←L ]→L (V)(a) =
∨
{V(b) | a = φ←L ◦ b ◦ φ→L }.
In this section we consider the preimages and images of (L,M)-fuzzy uniform bases with respect to the pair (φ⇐L , φ
⇒
L ).
Theorem 4.1. Let φ : X → Y be a mapping andB an (L,M)-fuzzy uniform base on Y . Then we have the following properties:
(1) φ⇐L (B) is an (L,M)-fuzzy uniform base on X and 〈φ⇐L (B)〉 is the coarsest (L,M)-fuzzy uniformity on X for which φ :
(X, 〈φ⇐L (B)〉)→ (Y , 〈B〉) is an LF uniform map.
(2) If L is a complete chain andU is an (L,M)-fuzzy quasi-uniformity on Y , then (φ⇐L (U))st = φ⇐L (Ust).
Proof. (1) First we will show φ⇐L (B) is an (L,M)-fuzzy uniform base on X .
(LQB1) Clear by the definition.
(LQB2) Suppose that there exist a1, a2 ∈ Ω(LX ) such that
〈φ⇐L (B)〉
(
a1
l
a2
) 6≥ φ⇐L (B)(a1) φ⇐L (B)(a2).
By the definition of φ⇐L (B), for i ∈ {1, 2}, there exists bi ∈ Ω(LY )with φ←L ◦ bi ◦ φ→L = ai such that
〈φ⇐L (B)〉
(
a1
l
a2
) 6≥ B(b1)B(b2).
SinceB is an (L,M)-fuzzy uniform base i.e., 〈B〉(b1d b2) ≥ B(b1)B(b2), we have
〈φ⇐L (B)〉
(
a1
l
a2
) 6≥ 〈B〉 (b1l b2) .
By the definition of 〈B〉, there exists c ∈ Ω(LY )with c ≤ b1d b2 such that
〈φ⇐L (B)〉
(
a1
l
a2
) 6≥ B(c).
On the other hand, since a1
d
a2 = (φ←L ◦ b1 ◦ φ→L )
d
(φ←L ◦ b2 ◦ φ→L ) = φ←L ◦ (b1
d
b2) ◦ φ→L ≥ φ←L ◦ c ◦ φ→L ,
〈φ⇐L (B)〉
(
a1
l
a2
) ≥ B(c),
and this is a contradiction. Thus (LQB2) holds.
(LQB3) Let a ∈ Ω(LX ) be given such that∨
{φ⇐L (B)(a1) | a1 ◦ a1 ≤ a} 6≥ φ⇐L (B)(a).
By the definition of φ⇐L (B), there exists b ∈ Ω(LY )with φ←L ◦ b ◦ φ→L = a such that∨
{φ⇐L (B)(a1) | a1 ◦ a1 ≤ a} 6≥ B(b).
SinceB is an (L,M)-fuzzy uniform base on Y ,
∨{B(c) | c ◦ c ≤ b} ≥ B(b). There exists c ∈ Ω(LY )with c ◦ c ≤ b such that∨
{φ⇐L (B)(a1) | a1 ◦ a1 ≤ a} 6≥ B(c).
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On the other hand, since (φ←L ◦ c ◦ φ→L ) ◦ (φ←L ◦ c ◦ φ→L ) ≤ φ←L ◦ (c ◦ c) ◦ φ→L ≤ φ←L ◦ b ◦ φ→L = a,we have∨
{φ⇐L (B)(a1) | a1 ◦ a1 ≤ a} ≥ φ⇐L (B)(φ←L ◦ c ◦ φ→L ) ≥ B(c),
and this is a contradiction. Thus, (LQB3) holds.
(LB) Let a ∈ Ω(LX ) be given such that∨
{φ⇐L (B)(a1) | a1 ≤ a−1} 6≥ φ⇐L (B)(a).
By the definition of φ⇐L (B), there exists b ∈ Ω(LY )with φ←L ◦ b ◦ φ→L = a such that∨
{φ⇐L (B)(a1) | a1 ≤ a−1} 6≥ B(b).
SinceB is an (L,M)-fuzzy uniform base on Y ,
∨{B(c) | c ≤ b−1} ≥ B(b). There exists c ∈ Ω(LY )with c ≤ b−1 such that∨
{φ⇐L (B)(a1) | a1 ≤ a−1} 6≥ B(c).
On the other hand, since (φ←L ◦ c ◦ φ→L )−1 ≤ (φ←L ◦ c−1 ◦ φ→L ) ≤ (φ←L ◦ b ◦ φ→L ) = a,we have∨
{φ⇐L (B)(a1) | a1 ≤ a−1} ≥ φ⇐L (B)(φ←L ◦ c ◦ φ→L ) ≥ B(c).
It is a contradiction. Thus, (LB) holds.
Second, it is easily proved that, by the definition of φ⇐L (B),
φ⇐L (B)(φ
←
L ◦ b ◦ φ→L ) ≥ B(b), ∀b ∈ Ω(LY ).
Hence, from Proposition 3.7, φ : (X, φ⇐L (B))→ (Y ,B) is LF uniform map.
Let φ : (X,U)→ (Y , 〈B〉) be an LF uniform map. For each a ∈ Ω(LX ), we have
〈φ⇐L (B)〉(a) =
∨
{B(b) | φ←L ◦ b ◦ φ→L ≤ a}
≤
∨
{U(φ←L ◦ b ◦ φ→L ) | φ←L ◦ b ◦ φ→L ≤ a}
≤ U(a).
(2) We will show φ⇐L (Ust) is stratified. Let α ∈ L. Since
φ⇐L (U
st)(αˆ) =
∨
{Ust(a) | φ←L ◦ a ◦ φ→L = αˆ} ≥ Ust(αˆ) = 1.
Then, φ⇐L (Ust)(αˆ) = 1. Hence φ⇐L (Ust) is stratified. By Theorem 3.2, (φ⇐L (U))st ≤ φ⇐L (Ust).
Finally, we will show (φ⇐L (U))st ≥ φ⇐L (Ust). Suppose there exists a ∈ Ω(LX ) such that
(φ⇐L (U))
st(a) 6≥ φ⇐L (Ust)(a).
By the definition of φ⇐L (Ust), there exists b ∈ Ω(LY ) with a = φ←L ◦ b ◦ φ→L such that (φ⇐L (U))st(a) 6≥ Ust(b). By the
definition ofUst, there exist c ∈ Ω(LY ) and α ∈ Lwith b ≥ c d αˆ such that (φ⇐L (U))st(a) 6≥ U(c). On the other hand, since
a = φ←L ◦ b ◦ φ→L ≥ φ←L ◦ c ◦ φ→L
d
αˆ, then (φ⇐L (U))st(a) ≥ φ⇐L (U)(φ←L ◦ c ◦ φ→L ) ≥ U(c). It is a contradiction. Hence
(φ⇐L (U))st ≥ φ⇐L (Ust). 
Theorem 4.2. Let φi : X → Xi be mappings, for all i ∈ Γ . Let {Bi}i∈Γ be a family of (L,M)-fuzzy quasi-uniform bases on Xi. We
define a mapping
⊔
i∈Γ (φi)
⇐
1 (Bi) : Ω(LX )→ M as⊔
i∈Γ
(φi)
⇐
1 (Bi)(a) =
∨{⊙
i∈K
Bi(ai) | a =
l
i∈K
(φi)
←
L ◦ ai ◦ (φi)→L
}
,
where the
∨
is taken for every finite subset K of Γ such that a = di∈K (φi)←L ◦ ai ◦ (φi)→L . Let B = ⊔i∈Γ (φi)⇐1 (Bi) be given.
Then,
(1) B is (L,M)-fuzzy quasi-uniform base on X and 〈B〉 is the coarsest (L,M)-fuzzy quasi-uniformity on X for which φi :
(X, 〈B〉)→ (Xi, 〈Bi〉) is an LF uniform map, for all i ∈ Γ .
(2) a map φ : (Y ,U)→ (X, 〈B〉) is an LF uniform map iff for each i ∈ Γ , φi ◦ φ : (Y ,U)→ (Xi, 〈Bi〉) is an LF uniform map.
(3) 〈⊔i∈Γ (φi)⇐1 (Bi)〉 = 〈⊔i∈Γ (φi)⇐1 (〈Bi〉)〉.
Proof. (1) First we will showB is an (L,M)-fuzzy quasi-uniform base on X .
(LQB1) Obvious.
(LQB2) Suppose there exist a1, a2 ∈ Ω(LX ) such that
〈B〉 (a1l a2) 6≥ B(a1)B(a2).
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By the definition of B(ai) (i = 1, 2), there exists a finite subset Ki of Γ with a1 = dk∈K1(φk)←L ◦ bk ◦ (φk)→L and
a2 = dj∈K2(φj)←L ◦ cj ◦ (φj)→L such that
〈B〉 (a1l a2) 6≥ (⊙
k∈K1
Bk(bk)
)

(⊙
j∈K2
Bj(cj)
)
.
Put form ∈ K1 ∪ K2,
dm =

bm, ifm ∈ K1 − (K1 ∩ K2)
cm, ifm ∈ K2 − (K1 ∩ K2)
bm
l
cm, ifm ∈ (K1 ∩ K2).
Since for eachm ∈ K1 ∩ K2, 〈Bm〉(bmd cm) ≥ Bm(bm)Bm(cm). Then we have
〈B〉 (a1l a2) 6≥ ( ⊙
m∈(K1∪K2)−(K1∩K2)
Bm(dm)
)

( ⊙
m∈(K1∩K2)
〈Bm〉(bm
l
cm)
)
.
From the definition of 〈Bm〉, there exists em ∈ Ω(LXm)with em ≤ bmd cm such that
〈B〉 (a1l a2) 6≥ ( ⊙
m∈(K1∪K2)−(K1∩K2)
Bm(dm)
)

( ⊙
m∈(K1∩K2)
Bm(em)
)
.
On the other hand, since
a1
l
a2 =
(l
k∈K1
(φk)
←
L ◦ bk ◦ (φk)→L
)l(l
j∈K2
(φj)
←
L ◦ cj ◦ (φj)→L
)
≥
( l
m∈(K1∪K2)−(K1∩K2)
(φm)
←
L ◦ dm ◦ (φm)→L
)l( l
m∈K1∩K2
(φm)
←
L ◦ em ◦ (φm)→L
)
,
and since K1 ∪ K2 is finite,
〈B〉 (a1l a2) ≥ ( ⊙
m∈(K1∪K2)−(K1∩K2)
Bm(dm)
)

( ⊙
m∈(K1∩K2)
Bm(em)
)
.
It is a contradiction. Thus, (LQB2) holds.
(LQB3) Let a ∈ Ω(LX ) be given such that∨
{B(a1) | a1 ◦ a1 ≤ a} 6≥ B(a).
By the definition ofB, there exists finite family K with a = di∈K (φi)←L ◦ ai ◦ (φi)→L such that∨
{B(a1) | a1 ◦ a1 ≤ a} 6≥
⊙
i∈K
Bi(ai).
Since Bi is an (L,M)-fuzzy uniform base on Xi,
∨{Bi(c) | c ◦ c ≤ ai} ≥ Bi(ai)(∀i ∈ K). There exists c ∈ Ω(LXi) with
c ◦ c ≤ ai such that∨
{B(a1) | a1 ◦ a1 ≤ a} 6≥
⊙
i∈K
Bi(c).
On the other hand, sincel
i∈K
((φi)
←
L ◦ c ◦ (φi)→L ) ◦
l
i∈K
((φi)
←
L ◦ c ◦ (φi)→L ) ≤
l
i∈K
(φi)
←
L ◦ (c ◦ c) ◦ (φi)→L
≤ l
i∈K
(φi)
←
L ◦ ai ◦ (φi)→L = a,
we have∨
{B(a1) | a1 ◦ a1 ≤ a} ≥ B((φi)←L ◦ c ◦ (φi)→L ) ≥ Bi(c) ≥
⊙
i∈K
Bi(c).
It is a contradiction. Thus, (LQB3) holds.
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From Proposition 3.7(3), since
B((φi)
←
L ◦ ai ◦ (φi)→L ) ≥ Bi(ai), ∀i ∈ Γ ,
φi is an LF uniform map.
LetU((φi)←L ◦ai◦(φi)→L ) ≥ 〈Bi〉(ai) be given for each i ∈ Γ . For each finite subsetK ofΓ with a ≥
d
k∈K (φk)←L ◦ak◦(φk)→L ,
sinceU((φk)←L ◦ ak ◦ (φk)→L ) ≥ 〈Bk〉(ak) for all k ∈ K , we have
U(a) ≥ U
(l
k∈K
(φk)
←
L ◦ ak ◦ (φk)→L
)
≥
⊙
k∈K
U((φk)
←
L ◦ ak ◦ (φk)→L )
≥
⊙
k∈K
〈Bk〉(ak)
≥
⊙
k∈K
Bk(ak).
Hence, by the definition of 〈B〉,U ≥ 〈B〉.
(2) Necessity of the composition condition is clear, since the composition of LF uniform maps is an LF uniform map.
Conversely, for each finite index setK with b ≥ dk∈K (φk)←L ◦ak◦(φk)→L , since for each k ∈ K ,φk◦φ : (Y ,U)→ (Xk, 〈Bk〉)
is an LF uniform map,
〈Bk〉(ak) ≤ U((φk ◦ φ)←L ◦ ak ◦ (φk ◦ φ)→L ).
Since φ←L ◦ b ◦ φ→L ≥
d
k∈K φ←L ◦ ((φk)←L ◦ ak ◦ (φk)→L ) ◦ φ→L we have
U(φ←L ◦ b ◦ φ→L ) ≥
⊙
k∈K
U(φ←L ◦ ((φk)←L ◦ ak ◦ (φk)→L ) ◦ φ→L )
=
⊙
k∈K
U((φk ◦ φ)←L ◦ ak ◦ (φk ◦ φ)→L )
≥
⊙
k∈K
〈Bk〉(ak) ≥
⊙
k∈K
Bk(ak).
By the definition of 〈B〉, 〈B〉(b) ≤ U(φ←L ◦ b ◦ φ→L ).
(3) PutU =⊔i∈Γ (φi)⇐1 (〈Bi〉), by applying (1) to both 〈B〉 and 〈U〉we get the related equality. 
From Theorem 4.2, we can obtain the following corollaries:
Corollary 4.3. Let {Bi}i∈Γ be a family of (L,M)-fuzzy uniform bases on X. We define a mapping⊔i∈Γ Bi : Ω(LX )→ M as⊔
i∈Γ
Bi(a) =
∨{⊙
i∈K
Bi(ai) | a =
l
i∈K
ai
}
,
where the
∨
is taken for every finite subset K of Γ such that a = di∈K ai. Then,⊔i∈Γ Bi is an (L,M)-fuzzy uniform base on X
and 〈⊔i∈Γ Bi〉 is the coarsest (L,M)-fuzzy uniformity finer than 〈Bi〉 for each i ∈ Γ .
Corollary 4.4. Let X = ∏i∈Γ Xi be a product set and pii : X → Xi projection mappings, for all i ∈ Γ . Let {Bi}i∈Γ be a family of
(L,M)-fuzzy quasi-uniform bases on Xi. We define a mapping
⊔
i∈Γ (pii)
⇐
1 (Bi) : Ω(LX )→ M as⊔
i∈Γ
(pii)
⇐
1 (Bi)(a) =
∨{⊙
i∈K
Bi(ai) | a =
l
i∈K
(pii)
←
L ◦ ai ◦ (pii)→L
}
,
where the
∨
is taken for every finite subset K of Γ such that a = di∈K (pii)←L ◦ ai ◦ (pii)→L . Let B = ⊔i∈Γ (pii)⇐1 (Bi) be given.
Then,
(1) B is an (L,M)-fuzzy quasi-uniform base on X and 〈B〉 is the coarsest (L,M)-fuzzy quasi-uniformity on X for which
pii : (X, 〈B〉)→ (Xi, 〈Bi〉) is an LF-uniform map.
(2) a map φ : (Y ,U)→ (X, 〈B〉) is an LF-uniform map iff for each i ∈ Γ , pii ◦ φ : (Y ,U)→ (Xi, 〈Bi〉) is an LF-uniform map.
In Corollary 4.4, the structure 〈⊔i∈Γ (pii)⇐1 (Bi)〉 is called a product (L,M)-fuzzy quasi-uniformity on X .
Theorem 4.5. Let φ : X → Y be an injective mapping and B an (L,M)-fuzzy uniform base on X. Then we have the following
properties:
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(1) φ⇒L (B) is an (L,M)-fuzzy uniform base on Y and 〈φ⇒L (B)〉 is the coarsest (L,M)-fuzzy uniformity for whichφ : (X, 〈B〉)→
(Y , 〈φ⇒L (B)〉) is an LF uniform preserving map.
(2) φ⇐L (φ
⇒
L (B)) is an (L,M)-fuzzy uniform base on X with φ
⇐
L (φ
⇒
L (B)) = B .
(3) If L is a complete chain andB is an (L,M)-fuzzy quasi-uniformity on X, then (φ⇒L (B))st = φ⇒L (Bst).
Proof. Similar to the proof of Theorem 4.1. 
Theorem 4.6. Let φi : Xi → X be injective mappings, for all i ∈ Γ . Let {Bi}i∈Γ be a family of (L,M)-fuzzy uniform bases on Xi.
We define a mapping B : Ω(LX )→ M as
B(a) =
∨{⊙
i∈K
(φi)
⇒
2 (Bi)(ai) | a =
l
i∈K
ai
}
,
where the
∨
is taken for every finite subset K of Γ . Then,
(1) B is an (L,M)-fuzzy uniform base on X and 〈B〉 is the coarsest (L,M)-fuzzy uniformity for whichφi : (Xi, 〈Bi〉)→ (X, 〈B〉)
is an LF uniform preserving map.
(2) a map φ : (X, 〈B〉) → (Y ,U) is an LF uniform preserving map iff for each i ∈ Γ , φ ◦ φi : (Xi, 〈Bi〉) → (Y ,U) is an LF
uniform preserving map.
Proof. (1) From Corollary 4.3 and Theorem 4.5,B is an (L,M)-fuzzy uniform base on X . Since φi is injective, for each i ∈ Γ ,
B((φi)
→
L (ai)) ≥ (φi)⇒2 Bi((φi)→L (ai)) ≥ Bi((φi)←L ◦ (φi)→L (ai) ◦ (φi)→L ) = Bi(ai).
Hence φi is an LF-uniform preserving map for each i ∈ Γ . Other cases are similarly proved as in Theorem 4.2(1).
(2) It is similarly proved as in Theorem 4.2(2). 
5. Conclusion
In this paper, based on a completely distributive lattice L and complete residuated lattice M , the relations between
stratified (L,M)-fuzzy quasi-uniform spaces and (L,M)-fuzzy quasi-uniform spaces are studied. Also, we studied the images
and preimages of stratified (L,M)-fuzzy quasi-uniform spaces induced by functions. Further, we hope to study this work in
the framework of (L,M)-fuzzy uniform space in Entourage approach.
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